Suppose that L(r, D) is a pseudo-differential operator with the symbol L(z,.), that is,
, a(x)D° with C°°-coefficients a,, obeying sup Da,,(x)I <C, are essentially maximal. The positive weight function in : R2 --R. is g-continuous, if there exist constants c, C > 0 such that g(x)(y, i) < c implies
Cm(x,.) m(x + y ,e + ,) Cm(z,) . (2.2)
Let a : R2n x R2t s--o R be a quadratic form (a so-called 
(z)00
The slowly varying Riemannian metric g is a-temperateif there exist constants C, N > 0 such that C g (,,,,) (1+ g tz ) (z -77) 
3) for all (z,.) , (y,77) € R2'. Furthermore, the g-continuous (weight function in : R2 '-R is (a,g) Remark 2.1. (A) One has the topological inclusions C r( R2 ) C S(m, g) C C°°(R2'), when C°(R2') and C°°(R2') are equipped with the standard locally convex topologies
2.2 In this subsection we deal with a Riemannian metric of the special separated form
where g, : R2" -. R are positive functions. This kind of metric occurs often in applications.
One has the following theorem in which = {(y,q) € R2'I Ix -I < cg1 (x,)and -iI < c92(x,)}. 
for all (z,e) € R2"
Proof. The validity of the claims (i), (ii) and (v) can be obtained by simple conclusions (which are omitted). The claims (iii) and (iv) follow easily, if one verifies that
We consider, the relation (2.7). One sees that, with ( = -yg(z,) and z = = I 77I 2g(z,) + IyI2g (x,e) and then
The converse inequality" :5 " of (2.7) is easily seen U Remark 2.3. Suppose that the Riemannian metric (2.6) is slowly varying. Then the weight function m = gg is 9-continuous, for any R, r € R. The proof follows easily from Theorem 2.2. Similary, one sees that when g is o . temperate, then m = gg is (a, 9)-temperate. 
is slowly varying: Choose in Theorem 2.2/Part (i) c = and assume that (y, ) E U()! . Then we obtain 41x -v1 2 < g ?( x ,e) = (1 + II 2 )5(1 + x1 2)5' (1 + 1x12) and so 1(1+1z12) :5 l+4 2 < 4( 1 +1 x 1 2 ) . Similary, one finds that +(1+1e12):5 1+17 7 1 2 < 4(1+1e12) It is remarkable to note that the right-hand side may increase polynomially in x. (C) In the case when 6' = p' = 0, 6 < O,p < land m(x,e) = (1 + II) 7 /2 , one sees that S(m,g) is essentially the Hörmander class S r P of symbols.
Later we shall consider also the u-temperate criterion for the metric (2.8).
2.3
Let g and m be as in the Subsection 2.1. In the sequel we shall assume that h < 1; In the case when g is the separated form (2.6), the function h is 1/9192 (cf. (2.7)) and then the condition
implies that h 1. We need the following results of [5] , which contain some essential tools concerning the operators (2.9) (for some special case cf. also [1) ).
Theorem 2.5. Suppose that Riemannian metric g is a-temperate,
11) the weight function m is (a,, g)-temperate and the symbol L( . ,.) E S(m,g). Then the operator L(x, D) defined by (2.9) mops S continuously into S (in S we use-the standard Fréchet space topology).
We say that a linear operator
Here (., -) a denotes the L2 inner product, that is, (u, v) 
with RN( . ,.) E S(hNrn,g). 
Theorem 2.7. Suppose that the Riemannian metric g is or-temperate, (2.11) is valid, the weight function m is (a, 9)-temperate and that h 1. Furthermore, assume that m C and that {L( . , .)} c S(m,g) is abounded sequence of symbols (that is, {pk(L,( . , )) I j N0 } is bounded for any k e N0). Then there exists a constant C > 0 such that
for ally E S R.
where the symbol (L o L,)( . ,) E S(m i m2 ,g
). In addition, one has, for any N € N0,
where {R1,N (,•)} is a bounded set of symbols in S(mim2h',g).
'Suppose that L : S -. S is a (continuous) linear operator such that the formal adjoint
One sees that
is dense in L 2 , one gets that L0 is a closable operator and so the smallest closed extension
3. On essential maximality of operators whose symbol lie in S(rn,g) 3.1 Let 9 be in C0 00 such that 9 > 1 and 9(e) = 1 for all < 1. Define 9, € C°(R") and 10j E C°(R2") by the relations O,() = 9(/j) and = 8,()9(x), respectively. 
Furthermore, one sees that 'I',u = 9,O,u and so 'P,u E Co, for any u € L2 (in fact it is easy to see that '1',u = e( * 0,)). Since 
Thus we obtain, for any k EN, and
where {R( . ,.)} and {R( . ,-)} are bounded in S(mh,g). Hence by Theorem 2.7 and because hm<C, 
(3.7) Let u E D(L'). Then we find that

= (L'u,;(x,D)) = (u,(L'o)(x,D)ç) = (u,(, o L)'(z, D))0 = (u, (L o b1)'(x, D)ç)0 + ( u,R(x, D)c) = (L'(W1u),)0 + ( R,u,9,)0 for all V € S where R, is the continuous extension of R,(x, D) (cf.( 3.7)). Thus we get
L(x, D)(Wu) = W 3 (L'u) -R,u.
In virtue of (3.7) we find that (cf. also (3.1))
for any u E D(L'),j E N0 . The Banach-Saks Theorem implies that there exists a subsequence {',u} of { 1I',u} such that 
Furthermore, let rn and ñz be (oP, g)-temperate weight functions such that (for rn)(3.4) is valid and that the symbols Lo( . ) € S(nz,g), P( . ,.) € S(m,g). Then the operator L(x, D) = Lo(D)+P(x, D) is essentially maximal.
Proof. One sees that
9,(D)(L(x, D)) = 92 (D)(Lo(D)ço) + O,(D)(P(x, D)p).
Similarly as in Lemma 3.1 we get from (3.12) and from (3.4) that {9( . )} is bounded in S(1, g). Futhermore, by Theorem 2.8
,(e)P(x,e) + R,(z,.) where {R,( . , .)} is bounded in S(mh,g) c S(1, g). Hence
9,(D)(L(x, D)p) = L(z, D)(O(D)p) + R,(x, D),
which implies 
from which it follows (as above) that u € D (L) and that Lu = L'u, as desired I Remark 3.6. The content of Theorem 3.5 can be formulated also for more general metrics. We omit this generalization. Proof. One sees that all the assumptions of Theorem 3.5 hold, when we choose gj(x,.5) 1,92(x,) = 1 + I j and m(x,e) = 1 + IeI, m(x,e) = (1 + IDU 3.3 For operators of "higher order" we need some additional assumptions on L(x, ) to obtain essential maximality. We restrict our considerations (for simplicity) to a special metric. Recall that, for the metric (2.6), one has h = Theorem 3.8. We sketch the proof of the relations (3.17 -3.18). Due to (3.16) we see that P1 ( . ,.) = i/L( . ,.) € S(1, g). In view of Theorem 2.8 we get
Corollary 3.7. Let L(z,D) = L0(D) + P(r,D) be a linear partial differential operator, where L0 (D)
belongs to S(h,g). Hence one sees that there exists R 1 ( . ,.)€ S(h,g) such that
Define P2(z,e) = Ri(x,.)/L(x,). Then we find that
where 
for all W E S. Similarly one gets (for j = 1,2) (3.24) where R(R,) is the range of Ai . From (3.17) we get
) and let L'u = I. Then one gets by (3.18)
and so f E D(Q') and Q'f = u - with some 6 E (0, 11, is essentially maximal (choose gj = 1, 92(z,.) = (1 + Ii)61T and P(z,e) = (1 + II2)n/2). Remark 3.9. (A) Suppose that gj and g (which appear in the Riemannian metric g {g(,E)}) obey gj E S(gi ,g) and E S(g2 ,g), that is, g3 € C°°(R2 ) such that
Then the symbol P(x,.) defined by P(z,.) = (9192)''(x,) is in s((9192)N g) and obeys (3.14) . We remark that one can choose a = arctan : R -(r, ir). This example shows that Corollary 3.3 is in some sense strict. Hence we obtain that the kernel N(L) is {0}. One the other hand we show that the kernel N(L') is not {0}, which implies that L $ L'.
Let £ be in L2 defined by £ := F` (note that fa II 2d = fR j-yd < co and then £ E L2 ; recall that F is the Fourier transform). Then one sees that (in the distributional Finally, we find that, for all V € S, 
